The AMS-02 experiment has recently released data which confirms a rise in the cosmic-ray positron fraction as a function of energy up to approximately 350 GeV. Over the past decade, attempts to interpret this positron excess in terms of dark-matter decays have become increasingly complex and have led to a number of general expectations about the decaying dark-matter particles: such particles cannot undergo simple two-body decays to leptons, for example, and they must have rather heavy TeV-scale masses. In this paper, by contrast, we show that Dynamical Dark Matter (DDM) can not only match existing AMS-02 data on the positron excess, but also accomplish this feat with significantly lighter dark-matter constituents undergoing simple two-body decays to leptons. Moreover, we demonstrate that this can be done without running afoul of numerous other competing constraints from FERMI and Planck on decaying dark matter. Finally, we demonstrate that the Dynamical Dark Matter framework makes a fairly robust prediction that the positron fraction should level off and then remain roughly constant out to approximately 1 TeV, without experiencing any sharp downturns. Indeed, if we interpret the positron excess in terms of decaying dark matter, we find that the existence of a plateau in the positron fraction at energies less than 1 TeV may be taken as a "smoking gun" of Dynamical Dark Matter.
I. INTRODUCTION
One of the most urgent problems facing particle physics, astrophysics, and cosmology today is that of understanding the nature of dark matter. Fortunately, a confluence of emerging data from direct-detection, indirect-detection, and collider experiments suggests that major progress may soon be at hand. A potentially important ingredient in this mix may involve recent results [1] from the AMS-02 experiment on the flux of cosmic-ray positrons at energies up to 350 GeV. These results confirm the anomalous and puzzling results observed by earlier cosmic-ray detectors such as HEAT [2] , AMS-01 [3, 4] , PAMELA [5, 6] , and FERMI [7] which indicate that the positron fraction -i.e., the ratio of the differential flux Φ e + of cosmic-ray positrons to the combined differential flux Φ e − + Φ e + of cosmic-ray electrons and positrons -actually rises as a function of particle energy E e for energies E e 10 GeV. Since the positron fraction is generally expected to fall with energy in this energy range, the observed positron excess suggests that some unanticipated physics might be in play. While many possibilities exist, one natural idea is that these positrons may be produced via the annihilation or decay of dark-matter particles within the galactic halo. Unfortunately, this rise in the positron flux occurs without any other distinctive features, and no downturn at high energies -a standard prediction of the most straightforward dark-matter models -is apparent. This rise in the positron fraction therefore poses a major challenge for any potential interpretation in terms of dark-matter physics.
At first glance, it might seem relatively straightforward to interpret the observed positron excess in terms of annihilating or decaying dark-matter particles within the galactic halo. However, such a dark-matter interpretation of the cosmic-ray positron excess is tightly constrained by a number of additional considerations. For example, no corresponding excess is observed in the flux of cosmic-ray antiprotons [8] , a fact which significantly constrains the particle-physics properties of possible dark-matter candidates. Indeed, these constraints are particularly severe for dark-matter candidates which annihilate or decay either predominately to stronglyinteracting Standard-Model (SM) particles or to particles such as W ± or Z whose subsequent decays produce such particles with significant frequency. For this reason, the most natural dark-matter candidates which can explain the observed positron excess are those which annihilate or decay primarily to charged leptons.
However, even such "leptophilic" dark-matter candidates are significantly constrained by cosmic-ray data. Precise measurements of the combined flux spectrum of cosmic-ray electrons and positrons by the FERMI collaboration [9] further restrict the range of viable darkmatter models of the observed positron excess. Moreover, constraints on the production of photons are also quite stringent. For example, high-energy photons produced by a cosmological population of dark-matter particles contribute to the diffuse extragalactic gamma-ray background which has been measured by the FERMI collaboration [10] . In addition, the energy released via the annihilation or decay of dark-matter particles in the early universe can also lead to a reionization of the ther-mal plasma at or after the time of last scattering. This in turn induces a modification of the observed temperature and polarization fluctuations of the cosmic microwave background (CMB). As a result, CMB data from BOOMERANG [11] , ACBAR [12] , WMAP [13] , and Planck [14] significantly constrain the rate at which dark matter can annihilate or decay during and after the recombination epoch.
A number of scenarios have been advanced over the past decade to reconcile the observed positron fraction with these additional constraints [15] . As these constraints have sharpened over time, the corresponding dark-matter models have also grown in complexity and sophistication -a trend which has only continued [16] since the release of the most recent AMS-02 data. For example, one current possibility [17] involves a dark-matter particle which annihilates or decays into exotic intermediate states which only subsequently decay into µ ± or π ± . Other possibilities [18, 19] involve dark-matter particles which decay primarily via three-body processes of the form χ → ψ ℓ + ℓ − , where ψ is an additional, lighter darksector field and where ℓ ± = {e ± , µ ± , τ ± }. There also exist other three-body-decay models [20, 21] in which all of the final states are in the visible sector. In each case, these features are required in order to ensure that the resulting electron and positron flux spectra are significantly "softer" (i.e., broader, more gently sloped) than those produced by a dark-matter particle undergoing a two-body decay directly to SM states. Indeed, only such softer spectra can provide a satisfactory combined fit to the observed positron fraction and to the Φ e + + Φ e − flux spectrum observed by FERMI while simultaneously satisfying all other phenomenological constraints.
Taken together, these attempts have led to certain expectations concerning the nature of the dark-matter particle whose decays or annihilations might explain the positron excess. Specifically, it is expected that this dark-matter particle will not undergo two-body decays to Standard-Model states, but will instead decay through more complex decay patterns such as those involving nontrivial intermediate states or three-body final states. As discussed above, this is necessary in order to soften the kinematic spectrum associated with such single-particle dark-matter candidates. Second, it is also expected that such dark-matter particles must be relatively heavy, with masses ∼ O(TeV), in order to properly explain the measured positron excess. This is unfortunate, since leptophilic particles with such heavy masses are typically difficult to probe via other experiments (e.g., existing collider experiments) which provide complementary probes of the dark sector. Finally, we note that all current dark-matter-based attempts at explaining the observed positron excess inevitably predict that the positron fraction will experience a relatively sharp downturn at energies which do not greatly exceed current sensitivities. Indeed, a relatively sharp downturn is in some sense required by the decay kinematics of such dark-matter candidates.
In this paper, we will show that Dynamical Dark Matter (DDM) [22, 23] can provide an entirely different perspective on these issues. First, we shall demonstrate that a leptonically-decaying DDM ensemble can successfully account for the observed positron excess and combined cosmic-ray e ± flux without running afoul of any other applicable constraints on decaying or annihilating darkmatter particles. Second, we shall show that DDM can do this entirely with dark-matter components undergoing simple two-body decays to leptons -indeed, more complicated decay phenomenologies are not required. Third, we shall find that the DDM components which play the dominant role in explaining the positron excess are themselves relatively light, with masses only in the O(200 − 500) GeV range. This is an important distinction relative to more traditional models, opening up the possibility of correlating these positron-flux signatures with possible missing-energy signatures in collider experiments. This would then allow a more tightly constrained, complementary approach to studying such dark-matter candidates. Indeed, as we shall see, DDM accomplishes all of these feats by providing an alternative method of softening the flux spectra -not through a complicated set of dark-matter decay/annihilation channels (and thus complicated particle kinematics), but instead through a richer and more complex dark sector itself.
But perhaps most importantly, we shall show that DDM also makes a fairly firm prediction for the positron fraction at energies beyond 350 GeV: the positron fraction will level off and remain roughly constant all the way up to energies of approximately 1 TeV. Indeed, as we shall find, this behavior for the positron fraction emerges for most of the viable regions of DDM parameter space. Hence, within such regions, the DDM framework predicts that no abrupt downturn in the positron fraction will be seen. This is a marked difference relative to most traditional dark-matter models which seek to explain the positron excess: indeed, most of these models predict either a continuing rise in the positron fraction or the onset of a downturn, but cannot easily accommodate a relatively flat plateau. Thus, if we interpret the positron excess seen by AMS-02 as resulting from darkmatter annihilations or decays, a relatively flat plateau in the positron fraction at energies less than 1 TeV may be taken as a "smoking gun" of Dynamical Dark Matter. This paper is organized as follows. In Sect. II, we briefly review the general properties of DDM ensembles and introduce the general parametrizations we shall use in order to characterize these ensembles in our analysis. In Sect. III, we then discuss the e ± injection spectra produced by the decays of a DDM ensemble and show how these spectra are modified upon propagation through the interstellar medium. In Sect. IV, we then discuss the additional considerations which further constrain decaying dark-matter candidates and examine how these considerations apply to DDM ensembles. Our main results appear in Sect. V, where we demonstrate that DDM ensembles can indeed reproduce the observed positron excess while simultaneously satisfying all relevant constraints -even with relatively light DDM constituents undergoing simple two-body leptonic decays. We also demonstrate that most of the viable DDM parameter space leads to the prediction of a positron fraction which levels off and remains roughly constant out to energies of approximately 1 TeV. Even though (as we shall see) there exist other regions of viable DDM parameter space for which the predicted positron excess can experience a downturn (or even an oscillation!) as a function of energy, we shall explain why we nevertheless believe that the existence of a plateau in the positron fraction can serve as a "smoking gun" for the Dynamical Dark Matter framework as a whole. In Section VI, we then discuss the extent to which these results continue to apply when our fundamental theoretical assumptions and computational procedures are altered. Finally, in Sect. VII, we conclude with a summary of our results and a discussion of their implications for distinguishing between decaying DDM ensembles and other proposed explanations for the positron excess, including those involving purely traditional astrophysical sources.
II. THE DDM ENSEMBLE: FUNDAMENTAL CHARACTERISTICS
Dynamical Dark Matter (DDM) [22, 23] is an alternative framework for dark-matter physics in which the requirement of dark-matter stability is replaced by a balancing of lifetimes against cosmological abundances across an ensemble of individual dark-matter components with different masses, lifetimes, and abundances. It is this DDM ensemble which collectively serves as the darkmatter "candidate" in the DDM framework, and which collectively carries the observed dark-matter abundance Ω CDM . Likewise, it is the balancing between lifetimes and abundances across the ensemble as a whole which ensures the phenomenological viability of the DDM framework [23, 24] . In some sense the DDM ensemble is the most general dark sector that can be envisioned, reducing to a standard stable dark-matter candidate in the limit that the number of dark-matter components is taken to one. However, in all other cases, stability is not an absolute requirement in the DDM framework (a feature which distinguishes DDM from other multi-component dark-matter scenarios), but instead depends, component by component, on the corresponding cosmological abundances. As has been discussed in Refs. [22, 23, 25] , DDM ensembles appear naturally in many extensions to the Standard Model, including string theory and theories with large extra spacetime dimensions, and not only possess a highly non-trivial cosmology but can also lead to many striking signatures at colliders [25] and directdetection experiments [26] -signatures which transcend those associated with traditional dark-matter candidates. Indeed, DDM ensembles are fairly ubiquitous, and can also potentially arise in a variety of additional contexts ranging from theories such as the axiverse [27] to theories involving large hidden-sector gauge groups and even theories exhibiting warped stringy throats [28] .
It is the purpose of this paper to examine the behavior of the positron flux within the context of the general DDM framework, and thereby study the implications of the DDM framework for indirect -detection experiments. Because the DDM framework lacks dark-matter stability as a founding principle, discussions of decaying dark matter (such as those possibly leading to a cosmic-ray positron excess) are particularly relevant for DDM. Indeed, one important characteristic of DDM is that the DDM dark sector includes particles whose lifetimes can in principle collectively span a vast range of timescales from well before to long after the present day. Understanding the impacts of such decays for present-day cosmic-ray physics is therefore of paramount importance.
Because our goal in this paper is to explore the cosmicray phenomenology to which DDM ensembles can give rise, we shall avoid focusing on a specific DDM model and instead assume a general ensemble configuration of individual dark-matter components φ n whose masses m n are given by a relation of the form
where the mass splitting ∆m and scaling exponent δ are both assumed positive. Thus the index n = 0, 1, 2, ... labels the ensemble constituents in order of increasing mass. Likewise, we shall assume that these components φ n have cosmological abundances Ω n and decay widths Γ n which can be parametrized according to general scaling relations of the form
where α and γ are general power-law exponents. While the existence of such scaling relations is not a fundamental requirement of the DDM framework, relations such as these do arise naturally in a number of explicit realistic DDM models [22, 23, 25] and allow us to encapsulate the structure of an entire DDM ensemble in terms of only a few well-motivated parameters. Note that the decay width Γ n in Eq. (2.2) refers to (or is otherwise assumed to be dominated by) the decay of φ n to SM states, and likewise Ω n denotes the cosmological abundance that φ n would have had at the present time if it had been absolutely stable. Indeed, because the DDM framework allows each individual φ n component to decay at a different time, the corresponding abundances Ω n generally evolve in a non-trivial manner across the DDM ensemble [22] , and thus no single scaling relation can hold across the ensemble for all times. Given these scaling relations, our DDM ensemble is in principle described by the seven parameters {α, γ, δ, m 0 , Ω 0 , Γ 0 , ∆m}. For convenience, in this paper we shall fix δ = 1 and ∆m = 1 GeV; these choices ensure that our DDM ensemble transcends a mere set of individual dark-matter components and observationally acts as a "continuum" of states relative to the scale set by the energy resolution of the relevant cosmic-ray detectors. We shall also fix Ω 0 by requiring that the ensemble carry the entire observed dark-matter abundance Ω CDM ; this will be discussed further below. Of the remaining four parameters, we shall treat {α, γ, m 0 } as free parameters and eventually survey over different possibilities within the ranges −3 ≤ α < 0, −1 ≤ γ ≤ 2.5, and 100 GeV < ∼ m 0 < ∼ 1 TeV. Given a specific assumption for how each φ n decays to Standard-Model states, we will then find that each such choice of {α, γ, m 0 } leads to a unique prediction for the overall shape of the resulting electron and positron fluxes as functions of energy, with an arbitrary normalization set by the lifetime τ 0 ≡ 1/Γ 0 of the lightest dark-matter component in the ensemble. For each choice of {α, γ, m 0 }, the final remaining parameter τ 0 can therefore be determined through a best-fit analysis, and indeed we shall find that most scenarios of interest have τ 0 > ∼ 10 26 s. Thus, in this paper, the three quantities {α, γ, m 0 } shall serve as our independent degrees of freedom parametrizing our DDM ensemble.
There are also additional phenomenological considerations which can be used to place bounds on these parameters. For example, one generic feature of the DDM framework is an expected balancing of decay widths against abundances across the DDM ensemble. This expectation comes from the general observation that the earlier a dark-matter component might decay during the evolution of the universe, the smaller its cosmological abundance must be in order to avoid the disruptive effects of that decay and remain phenomenologically viable [22] [23] [24] . We therefore expect to find, roughly speaking, an inverse relation between cosmological abundances and decay widths, or equivalently that αγ < 0. Indeed, as indicated above, it is usually α which will be negative in most DDM scenarios, while γ is generally positive. However, for illustrative purposes, in this paper we shall also occasionally consider extrapolations into regions of parameter space with αγ > 0.
Likewise, in this paper we also shall focus on regions of parameter space in which γ is not too large. Our reasons, again, are primarily phenomenological. In general, our interest in this paper concerns the contributions that the dark-matter components φ n might, through their decays, make to the differential electron/positron fluxes Φ e ± within the energy range 20 GeV E e ± 1 TeV. One of the most interesting regions of parameter space will therefore be that in which all of the φ n which could in principle yield a non-negligible contribution to these fluxes are sufficiently long-lived that their abundances Ω n are effectively undiminished by decays and consequently still scale according to Eq. (2.2) at the present time. Indeed, this is the regime within which the full DDM ensemble plays the most significant role in indirect-detection phenomenology and within which the most distinctive signatures arise. In order to specify where this regime lies within the parameter space of our DDM model, we begin by noting that the contribution from extremely heavy dark-matter components φ n to Φ e ± will be comparatively negligible (i.e., below background) for E e ± 1 TeV. We therefore define a fiducial mass scale m * to represent this cutoff, and demand that all components φ n with masses m n < m * have lifetimes τ n > t now , where t now ≈ 4.3 × 10 17 s is the age of the universe. The scaling relation for Γ n in Eq. (2.2) implies that this condition may be written as a constraint on the scaling exponent γ:
For any ensemble with τ 0 10 26 s and m 0 200 GeV, we find that the conservative choice m * = 10
6 GeV yields the limit γ 2.26. As we shall see in Sect. V, it is not difficult to satisfy the condition in Eq. (2.3) while simultaneously reproducing the positron-fraction curve reported by AMS-02 and satisfying all other applicable constraints. However, we hasten to emphasize that the criterion in Eq. (2.3) does not represent a parameter-space constraint which our DDM model must satisfy for theoretical or phenomenological consistency. By contrast, it merely defines a regime of particular phenomenological interest within our model.
Finally, in order to evaluate the contribution to the observed cosmic-ray electron and positron fluxes from such a DDM ensemble, it is necessary to specify not only the particle-physics properties of the DDM ensemble itself but also certain astrophysical properties of the ensemble which characterize how the populations of the various φ n are distributed throughout the galactic halo. First, for this analysis, we assume that the DDM ensemble contributes essentially the entirety of the present-day darkmatter abundance, and therefore that the total DDM ensemble abundance
matches the total dark-matter abundance Ω CDM h 2 ≈ 0.1131 ± 0.0034 observed by WMAP [13] . (Although recent Planck results [14] suggest the slightly higher value Ω CDM h 2 ≈ 0.1199 ± 0.0027, such a shift in Ω CDM has an essentially negligible effect on our results.) Note that since we are considering only those DDM ensembles for which αδ < −1, the sum in Eq. (2.4) remains convergent in the n max → ∞ limit [26] . Second, we make the simplifying assumption that the density profiles ρ n (r) according to which our individual dark-matter components φ n are distributed within the galactic halo share a common functional form, which we model using an NFW profile [29] . Finally, for simplicity, we take the normalization of each ρ n (r) within the galactic halo -which is typically specified by the local dark-matter density ρ loc n within the solar neighborhood -to be proportional to the global energy density of the corresponding constituent. Thus, we shall assume that ρ 
III. ELECTRON/POSITRON PRODUCTION AND PROPAGATION
In general, a given dark-matter particle φ undergoes a decay of the form φ → f where f is a multi-particle final state which includes at least some visible-sector fields. Using only visible-sector physics, one can then extract a set of differential electron and positron fluxes dN f,e ± /dE e ± which reflect not only the kinematics of how f subsequently decays to electrons and positrons, but also the possible decay chains and branching ratios that might be involved in such subsequent processes, the effects of final-state radiation, and so forth. However, dN f,e ± /dE e ± only describes the differential fluxes at the location where these electrons and positrons were originally produced (here assumed to be somewhere within our galaxy); it is still necessary to use this so-called "injection" spectrum dN f,e ± /dE e ± in order to determine the final electron and positron differential fluxes Φ e ± that will emerge and be measured after these particles have propagated through the interstellar medium (ISM) and entered our solar neighborhood. In this section, we shall discuss how these final observed differential fluxes Φ e ± may be determined, focusing on the case when our injection spectrum dN f,e ± /dE e ± arises from an entire DDM ensemble. Note, in particular, that our interest in this paper centers on the differential fluxes Φ e ± ; these quantities are related to the total fluxesΦ e ± via Φ e ± ≡ dΦ e ± /dE e ± . Indeed, it is only the differential fluxes Φ e ± which exhibit the all-important energy-dependence which is ultimately the focus of our analysis. In this vein, we also note that we are only concerned in this paper with total differential fluxes integrated over all angles, and not with their directional dependence.
In general, these differential fluxes Φ e ± can be expressed as
where f e ± (E) denotes the local differential number density of electrons and positrons per unit energy and where v ≈ c denotes the velocity of the incident particles. Taken as a function of position, energy, and time, this number density f ± (E, r, t) is in turn determined by the transport equation
where Q e ± (E, r, t) is the source term for electron and positron production, where K(E, r) is the diffusion coefficient, and where b(E, r) is the energy-loss rate.
For an approximately steady-state process, we may take Q e ± (E, r, t) ≈ Q e ± (E, r) as effectively independent of time, and thus we have ∂f e ± /∂t = 0. Of course, the total injection rate dN f,e ± /dE e ± associated with the decaying constituents of a DDM ensemble will by nature be time-dependent. However, for ensembles capable of producing a non-negligible contribution to observed electron and positron fluxes, we shall see that the timescale on which this variation is significant is far greater than the timescale for e ± diffusion through the galactic halo. Thus this steady-state approximation is justified.
Following Ref. [30] , we next adopt a stationary twozone diffusion model in which the diffusion coefficient is spatially constant throughout the diffusion zone and takes the form
where K 0 and ǫ are free parameters which characterize a particular diffusion model and where R is the so-called "rigidity" of the particle (defined as the ratio of its momentum in GeV to its electromagnetic charge in units of the electron charge e). Note that for electrons and positrons with E ≫ m e ≈ 511 keV, the diffusion coefficient may also be expressed as
The energy-loss rate b(E, r) includes contributions from both synchrotron radiation and inverse-Compton scattering and can be written in the form
4) where u B ( r) is the energy density in galactic magnetic fields; where the u γ,i ( r) are the contributions to the photon energy density from the CMB, starlight, and diffuse infrared light (i = 1, 2, 3, respectively); and where the functions R KN i (E) describe the energy dependence of the corresponding contributions from these three sources. The functional forms for u B ( r), the u γ,i ( r), and the R KN i (E) can be found in Ref. [31] and references therein. Finally, the diffusion zone is assumed to be cylindrical, with a radius R D and half height L D . For this analysis we adopt the so-called "MED" propagation model of Refs. [32, 33] in which ǫ = 0.70, K 0 = 0.0112 kpc 2 /Myr, L D = 4 kpc, and R D = 20 kpc. Other choices will be discussed in Sect. VI.
In general, it is the source terms Q e ± (E, r) which encode the specific dark-matter model under scrutiny and its possible decay patterns. For a DDM model consisting of an ensemble of dark-matter components φ n , the source terms Q e ± (E, r) for electrons and positrons take the general form
5) where ρ n denotes the energy density of the DDM component φ n , where BR(φ n → f ) denotes the branching fraction for the decay φ n → f , and where dN
are the differential injection spectra produced by each such decay. The solution to Eq. (3.2) can therefore be expressed in the form
where G e ± (E e ± , E ′ e ± ; r, r ′ ) is the Green's function solution to Eq. (3.2). Indeed, this equation indicates that the differential flux which results from the decaying DDM ensemble is nothing but the sum of the individual differential fluxes which would have resulted from the decays of each DDM component individually -precisely as expected for an essentially linear propagation model wherein the Green's function G e ± (E e ± , E ′ e ± ; r, r ′ ) encapsulates the essence of propagation through the interstellar medium.
For a DDM ensemble parametrized as in Sect. II -and under the assumption that the galactic energy densities ρ n ( r ′ ) are approximately proportional to the corresponding global energy densities ρ n = Ω n ρ crit -the expression in Eq. (3.6) takes the form
where Ω tot is defined in Eq. (2.4) and where τ 0 once again denotes the lifetime of the lightest ensemble constituent. In practice, we model the energy densities ρ n ( r) [and thus ρ tot ( r)] to be spatially distributed according to the NFW halo profile [29] , and we evaluate the expressions in Eq. (3.7) numerically, using the publicly available PPPC4DMID package [31] to determine the electron and positron spectra at injection as well as to determine the effects of propagating these injected particles through the interstellar medium. However, as a cross-check, we have also verified that the resulting differential fluxes agree with the analytic results obtained using the approximate analytic Green's function [30] corresponding to the same choice of propagation model. It is important to note the manner in which the DDM model parameters α, γ, and τ 0 appear in the expression in Eq. (3.7). In particular, it is only the combination α + γ which appears in the summand, as this combination dictates how the injected flux of e ± due to φ n decays scales across the ensemble. In so doing, this combination determines the shape of the observed e ± flux spectra. Of course, the exponent α also implicitly appears in the overall normalization prefactor, since it affects the value of Ω 0 when Ω tot is set equal to Ω CDM . However, any change in this normalization factor due to a change in α can be absorbed into a corresponding rescaling of τ 0 .
Thus only α + γ and τ 0 serve as independent degrees of freedom insofar as the electron/positron fluxes are concerned. We will therefore express our results in terms of the combination α + γ in what follows, and perform a best-fit analysis to AMS-02 data in order to fix τ 0 for any choice of α + γ. The particulars of this analysis will be discussed in Sect. V.
In addition to the primary contributions to Φ e ± from dark-matter decay, we must also take into account the background contribution to these fluxes from astrophysical processes. In principle, these fluxes are specified by the choice of propagation model and the injection spectrum of e ± from astrophysical sources, including both a primary contribution from objects such as supernova remnants and a secondary component due to the spallation of cosmic rays on the interstellar medium. In practice, however, the injection spectrum is not well known, and thus specifying a propagation model is still not sufficient to determine the astrophysical background fluxes of electrons and positrons at the location of the Earth. For this reason, following, e.g., Refs. [18, 19, 34] , we adopt a background-flux model which provides a reasonably good empirical fit to the observed fluxes at low E e ± , namely the so-called "Model 0" presented by the FERMI collaboration in Ref. [35] . These background fluxes are well described by the parametrizations [34] 
where k is a normalization coefficient which parametrizes the uncertainty in the background e − flux. In our analysis, we allow k to fluctuate within the range 0.7 ≤ k ≤ 1.0. This single degree of freedom clearly does not parametrize all of the uncertainties in the background fluxes. However, it does provide some measure of flexibility for these fluxes which will be sufficient for our purposes. Indeed, although "Model 0" (which we use for calculating the astrophysical backgrounds) is quite different from the MED model (which we use to calculate those fluxes which originate from our DDM ensemble), "Model 0" has the benefit that it successfully fits the measured background e ± flux spectra in a suitable low-energy "control" region where data actually exists. A more complete discussion of the effects of uncertainties in the astrophysical background flux can be found in Ref. [36] . We will also discuss the treatment of these fluxes further in Sect. VI.
Finally, we remark that these interstellar background fluxes can be significantly modified by solar modulation effects at very low energies E e ± 10 GeV. Indeed, for E e ± 10 GeV, the observed flux spectra at the top of the atmosphere can differ considerably from the functional forms given in Eq. (3.8). However, our main interest in this paper concerns the significantly higher energy range 20 GeV < ∼ E e ± < ∼ 1 TeV. Therefore, we shall disregard the effects of solar modulation in most of what follows. However, in all figures displayed in this paper, the results shown actually include this modulation effect, which we have calculated using the so-called force-field approximation [37] . Under this approximation, the observed fluxes are related to the interstellar fluxes via the modification [38] Φ BG,obs
where e is the electron charge and where φ F = 550 MeV is the value we adopt for the solar-modulation potential. A more complete discussion of solar-propagation modelling can be found in Ref. [39] .
In summary, the total differential fluxes of cosmic-ray electrons and positrons in our DDM model is given by the sum of the corresponding signal contribution in Eq. (3.7) and the background contribution in Eq. (3.9):
(3.10)
Given these fluxes, the combined flux Φ e + + Φ e − and the positron fraction Φ e + /(Φ e + + Φ e − ) directly follow.
IV. PHENOMENOLOGICAL CONSTRAINTS
In this section, we discuss the phenomenological constraints that we shall impose on our DDM model. In particular, we shall require that our general DDM model be consistent with
• limits from the PAMELA experiment [8] on the flux of cosmic-ray antiprotons;
• limits from the FERMI-LAT experiment [10] on the observed gamma-ray flux, and especially on its diffuse isotropic component;
• constraints [40] on the synchrotron radiation produced via the interaction between high-energy electrons and positrons within the galactic halo and background magnetic fields;
• constraints on the ionization history of the universe, as recorded in the CMB, from existing anisotropy data and anticipated polarization data from Planck [14] ; and
• constraints from the FERMI-LAT experiment [9] on the combined e ± flux.
We shall now discuss each of these in turn.
A. Cosmic-ray antiproton constraints
As discussed in the Introduction, limits from PAMELA [8] on the flux of cosmic-ray antiprotons impose non-trivial constraints on dark-matter models which purport to explain the positron excess. These constraints are particularly stringent for dark-matter candidates which decay primarily either directly into quarks or gluons, or else into W ± or Z bosons which in turn produce such particles with significant branching fractions via their subsequent decays.
However, these constraints are far less stringent for dark-matter candidates which decay primarily into charged leptons. For this reason, in our analysis we shall focus primarily on the case in which the constituents of the DDM ensemble decay leptonically, via processes of the form φ n → ℓ + ℓ − , where ℓ = {e, µ, τ }. In each case, we have used the PPPC4DMID package [31] to calculate the contribution to the cosmic-ray antiproton flux from the leptonic decays of our DDM ensemble, and we have verified that the antiproton flux lies well below experimental limits for all relevant antiproton energies. Indeed, this conclusion holds within all portions of the DDM parameter space which ultimately prove relevant for explaining the positron excess.
We emphasize that while other similar limits on decaying dark-matter particles exist -for example, constraints on the contributions of such particles to cosmicray antideuteron fluxes -these constraints do not significantly impact the parameter space of DDM ensembles whose constituents decay primarily via leptonic channels.
B. Gamma-ray flux constraints
The flux of gamma rays produced from annihilating or decaying dark-matter particles within the galactic halo is also tightly constrained by observation, as is the contribution from a cosmological population of decaying darkmatter particles to the isotropic gamma-ray flux. The latter constraints are typically more stringent for decaying dark-matter models [41, 42] ; moreover, they do not depend on the halo profile or other unknown properties of the dark-matter distribution within our galaxy. We therefore focus here on the isotropic gamma-ray constraints.
In general, the total contribution to the apparent isotropic gamma-ray flux from dark-matter decay receives two sub-contributions:
The first of these is the contribution from a cosmological population of decaying dark-matter particles to the true diffuse extragalactic gamma-ray flux. The second is the isotropic component of the residual contribution from decaying dark-matter particles in the galactic halo. This latter contribution includes individual contributions from prompt gamma-ray production and from gammaray production via the inverse-Compton scattering of e ± produced by φ n decays off background photons. We evaluate both of these contributions to the residual galactic background flux, as well as the truly diffuse extragalactic flux contribution, using the PPPC4DMID package [31] . Following the analysis in Ref. [42] , we assume that the direction at which this latter contribution reaches a minimum is that opposite the galactic center.
Since there is substantial uncertainty in the background contribution to the isotropic gamma-ray flux from astrophysical sources (see, e.g., the various possible contributions discussed in Ref. [43] ), we require as a consistency condition only that the contribution to this flux predicted from the decay of a given DDM ensemble alone not exceed the flux reported by the FERMI collaboration [10] . In this manner, given a particular choice of model parameters, we determine a lower bound on the lifetime τ 0 of the lightest ensemble constituent. We do this by computing the goodness-of-fit statistic
where the index i labels the energy bins into which the FERMI data are partitioned, where Φ is the uncertainty in that central value, and where Θ(x) denotes the Heaviside theta function. We then compute a (one-sided) p-value by comparing this goodness-of-fit statistic to a χ 2 distribution with N degrees of freedom, where N = 9 is the number of energy bins used in the FERMI gamma-ray analysis. Finally, we express this result in terms of the number of standard deviations away from the mean to which this p-value would correspond for a (two-sided) Gaussian distribution. In this analysis, we adopt as our criterion for consistency with FERMI data the requirement that the isotropic gamma-ray flux contributed by the decays of the DDM ensemble constituents agree with the FERMI data to within 3σ. We note, however, that there also exist other methods [44] of using FERMI gamma-ray data to constrain the properties of decaying or annihilating dark matter.
C. Synchrotron radiation constraints
Gamma-ray signatures of this sort are not the only way in which photon signals constrain the properties of the dark matter. Indeed, synchrotron radiation produced via the interaction between high-energy electrons and positrons within the galactic halo and background magnetic fields can result in an observable radio signal. Observational limits on such a signal therefore constrain scenarios in which electrons and positrons are produced by a population of annihilating [45] or decaying [40, 46] darkmatter particles. Constraints of this sort were derived in Ref. [40] for the case of a traditional dark-matter candidate χ which decays primarily into charged leptons, and in particular into e + e − pairs. For the choice of halo profile and propagation model we adopt here, it was shown that these constraints are generically subleading in comparison with direct constraints on the positron fraction for m χ 11 GeV. Indeed, the most stringent bound on the lifetime of any leptonically-decaying χ with m χ in this mass regime from synchrotron-emission considerations alone is τ χ 10 26 s, again for a particle which decays essentially exclusively to e + e − . (The corresponding constraints on a particle with a significant branching fraction to µ + µ − or τ + τ + are even less stringent [46] .) Since the above results hold for a single dark-matter component χ with m χ 11 GeV, they will necessarily hold component-by-component across our entire DDM ensemble so long as m 0 11 GeV and α + γ < 0. As we shall see, this latter condition is necessary in order to ensure that the injection energy decreases as a function of increasing mass within the ensemble. We therefore conclude that the synchrotron-emission constraints will always be less stringent than the limits on Φ e + from FERMI and AMS-02 data for any DDM ensemble satisfying these two constraints.
D. CMB ionization history constraints
In addition to direct limits on the observed gamma-ray and synchrotron fluxes, dark-matter decays in the early universe are also constrained by considerations related to the CMB. In particular, high-energy photons, electrons, and positrons produced as a result of dark-matter decays in the early universe can alter the ionization his-tory of the universe, thereby leaving an observable imprint on the CMB. That no such imprint has been observed in CMB data implies stringent constraints [47] [48] [49] [50] [51] [52] on dark-matter annihilation and decay. Forthcoming CMB-polarization data from Planck will improve upon these limits, and projections based on the expected performance of the Planck satellite for the case of a single long-lived dark-matter particle χ have been assessed by a number of authors [52] .
Broadly speaking, the results of these studies indicate that such a dark-matter particle χ must have a lifetime τ 10 26 s if it is to have a cosmological abundance Ω χ ∼ O(1), and that the upper limit on the present-day abundance of such a long-lived particle drops rapidly as the lifetime of the particle decreases. These studies also indicate that the upper bound on Ω χ is not particularly sensitive to the mass of χ.
A precise determination of the corresponding limits on the parameter space of any given DDM scenario would require a detailed re-analysis of the ionization history of the universe in the presence of a DDM ensemble. However, we can derive a rough criterion for consistency with CMB data from the usual CMB limits on decaying dark-matter particles based on the observation that such limits essentially constrain the energy injection from dark-matter decays [47] , and that these constraints are not particularly sensitive to the mass of the decaying particle. Indeed, for any such particle with a lifetime τ χ 10 13 s, the projected Planck limits derived in Ref. [52] essentially amount to a constraint Ω χ Γ χ 3 × 10 −26 s −1 . We can therefore establish a rough criterion for consistency with CMB data by imposing an analogous condition on the total energy injection from the DDM ensemble as a whole:
Indeed, for the specific case of a DDM ensemble parametrized as in Sect. II, the quantity ξ takes the form
where
is the highest value of the index n for which φ n has a lifetime longer than a fiducial early time t CMB ∼ 10 11 s. This is approximately the time before which decays have little effect on the CMB. Note that since α + γ < 0, the individual constituent contributions to ξ necessarily decrease as a function of increasing mass within the ensemble. This helps soften the sensitivity of ξ to the precise value of N CMB .
In Fig. 1 , we show contours of the energy-injection parameter ξ in the (τ 0 , α + γ)-plane for α = −3 (left panel) and α = −2 (right panel). For both panels, we have set ∆m = 1 GeV, δ = 1, and m 0 = 500 GeV, although we emphasize that the results shown here are essentially insensitive to the choice of m 0 within the range 100 GeV m 0 1500 GeV. The hatched region demarcated by the solid black curve is the region of parameter space excluded by the CMB-consistency criterion in Eq. (4.3). It is clear from the figure that our CMB criterion imposes a non-trivial constraint on the parameter space of our DDM model. Indeed, for the range of values of τ 0 relevant for reproducing the observed positron excess, consistency with this criterion essentially requires α + γ −1 and a lifetime τ 0 10 25 s.
E. Combined electron/positron flux constraints
Finally, we require that the combined e ± flux from the DDM ensemble agree with the combined e ± flux reported by the FERMI collaboration [9] to within 3σ. Note that we evaluate the goodness of fit for this combined flux in the same manner as for the gamma-ray flux, except that the corresponding χ 2 statistic does not include the Heaviside-theta-function factor which appears in Eq. (4.2).
V. RESULTS
Having outlined the phenomenological constraints that we require our DDM model to satisfy, we now turn to the main issue of this paper: to what extent can we construct DDM models of the sort outlined in Sect. II which not only satisfy these constraints but also agree with the recent data from the AMS-02 experiment concerning the positron fraction for energies up to E e + ≈ 350 GeV? And even more importantly, to what extent can we then predict the behavior of the positron fraction for even higher energies, in the range 350 GeV < ∼ E e + < ∼ 1 TeV? In order to address these questions, we adopt the following procedure. First, as discussed in Sect. II, we survey over the parameter space (α, γ, m 0 ) of our DDM model, fixing ∆m = 1 GeV and δ = 1. For each point (α, γ, m 0 ) in the DDM parameter space, we then perform a best-fit analysis for the lifetime τ 0 of the lightest mode as well as for the overall normalization factor k associated with the background electron flux (restricted to the range 0.7 ≤ k ≤ 1.0). Finally, we determine the minimum statistical significance with which the corresponding ensemble reproduces the results obtained by the AMS-02 experiment within the energy range 20 GeV < E e ± < 350 GeV while simultaneously satisfying all of our consistency criteria. Once again, as with the combined e ± flux, we evaluate the goodness of fit for the positron fraction in the same manner as for the gamma-ray flux, except that the corresponding χ 2 statistic does not include the Heavisidetheta-function factor which appears in Eq. Our results are as follows. For a DDM ensemble whose constituents φ n are bosonic and decay either primarily to e + e − or primarily to τ + τ − , we find no combination of parameters for which our consistency criteria are satisfied and the ensemble simultaneously yields a positronfraction curve which accords with AMS-02 results within 5σ. In particular, we find that the φ n → τ + τ − channel tends to overproduce gamma rays while the φ n → e + e − channel tends to produce too hard an energy spectrum -even within the context of a DDM ensemble. By contrast, for an ensemble whose constituents decay primarily to µ + µ − , we find that there exist large regions of parameter space within which all of our criteria are satisfied and within which the DDM ensemble provides a good fit to AMS-02 data. In Fig. 2 , we indicate these regions of (m 0 , α + γ) space by shading them according to the significance level within which the decaying DDM ensemble is capable of reproducing the positron-fraction results from AMS-02. The results in the left and right panels correspond to the choices α = −3 and α = −2 respectively. The white regions, by contrast, indicate those regions of parameter space within which our consistency criteria cannot simultaneously be satisfied while at the same time yielding a positron fraction which agrees with AMS-02 at the 5σ significance level or better. Note that the difference between the results shown in the two panels is extremely slight, and is due to a slight weakening of the CMB constraint with decreasing α.
We see, then, that a DDM ensemble whose constituent particles decay primarily to µ + µ − can indeed account for the observed positron excess while at the same time satisfying other phenomenological constraints on decaying dark matter. The underlying reason for this success is easy to understand upon comparison with the case of a traditional dark-matter candidate with the same decay phenomenology. In a nutshell, the e ± injection spectra associated with traditional dark-matter candidates with the same decay phenomenologies are generally too hard, and thus cannot match the softer AMS-02 data after propagation through the ISM. By contrast, in the DDM framework, the total dark-matter cosmological abundance Ω CDM is partitioned across an ensemble of individual constituents with different masses. This in turn leads to a softening of the resulting e ± injection spectra. Furthermore, a traditional dark-matter candidate must generally be quite heavy in order to reproduce the observed positron fraction, with a mass m χ 1 TeV. For such a heavy dark-matter candidate, it is difficult at the same time to reproduce the combined FERMI flux Φ e + + Φ e − ; moreover, for such candidates, constraints related to the gamma-ray flux are quite severe. However, we see from Fig. 2 that the preferred region of parameter space for our DDM model is one in which a significant fraction of the dark-matter cosmological abundance Ω CDM is carried by constituents with masses in the range 200 GeV m n 800 GeV. For such light particles, the gamma-ray constraints are less severe.
It is this observation which lies at the heart of the phenomenological success of the DDM ensemble. Moreover, according to the results of Ref. [26] , the preferred regions Significance:
FIG. 2: Contours of the minimum significance level with which a given DDM ensemble is consistent with AMS-02 data, plotted within the (m0, α + γ) DDM parameter space for α = −3 (left panel) and α = −2 (right panel). The colored regions correspond to DDM ensembles which successfully reproduce the AMS-02 data while simultaneously satisfying all of the applicable phenomenological constraints outlined in Sect. IV, while the white regions of parameter space correspond to DDM ensembles which either cannot simultaneously satisfy these constraints or which fail to match the AMS-02 positron-excess data at the 5σ significance level or greater. The slight difference between the results shown in the two panels is a consequence of the differences in the CMB constraints for the two corresponding values of α.
FIG. 3:
Predicted combined fluxes Φ e + + Φ e − (left panel) and positron fractions Φe+/(Φ e + + Φ e − ) (right panel) corresponding to the DDM parameter choices lying within those regions of Fig. 2 for which our curves agree with AMS-02 data to within 3σ. These curves are therefore all consistent with current combined-flux data to within 3σ and also consistent with current positronfraction data to within 3σ (with the color of the curve indicating the precise quality of fit, using the same color scheme in Fig. 2 ). These curves are also consistent with all other applicable phenomenological constraints discussed in Sect. IV. However, despite these constraints, the behavior of the positron-fraction curves beyond E e ± ∼ 350 GeV is entirely unconstrained except by the internal theoretical structure of the DDM ensemble. Their relatively flat shape in this energy range thus serves as a prediction (and indeed a "smoking gun") of the DDM framework. Data from AMS-02 [1] , HEAT [2] , AMS-01 [3] , PAMELA [6] , FERMI [7, 9] , PBB-BETS [53], ATIC [54] , and HESS [55] are also shown for reference.
of DDM parameter space indicated in Fig. 2 correspond directly to those regions in which the full DDM ensemble contributes meaningfully to the cosmological dark-matter abundance Ω CDM (as opposed to regions in which the single most-abundant constituent effectively carries the entirety of Ω CDM ). Thus, we see that it is the full set of degrees of freedom within the DDM ensemble which play a role in achieving this outcome.
Having demonstrated that DDM ensembles can successfully reproduce the positron fraction reported by AMS-02, we now turn to the all-important question of how the predicted DDM positron fraction behaves at energies E e > 350 GeV. In this way, we will not only be probing the phenomenological predictions of the DDM framework, but also be determining the extent to which further data from AMS-02 or from other forthcoming cosmic-ray experiments might serve to distinguish between DDM ensembles and other explanations of the positron excess.
Our results are shown in Fig. 3 . In this figure, superimposed on the actual experimental data, we have plotted the predicted combined flux and positron fraction which correspond to a variety of DDM parameter choices that lie within those regions of Fig. 2 for which our curves agree with AMS-02 data to within 3σ. The color of each such curve reflects the significance level to which the predicted and observed positron fractions agree, using the same color scheme as in Fig. 2 . We emphasize once again that the values of τ 0 and k for each curve shown in Fig. 3 are those for which the best fit to the positron fraction is obtained, irrespective of the goodness of fit to the combined e ± flux, provided that this goodness of fit corresponds to a statistical significance of at most 3σ. As a result, the curves shown in the left panel of this figure essentially all deviate from FERMI data at the 3σ significance level. However, substantially improved consistency with FERMI data can easily be achieved without significantly sacrificing consistency with AMS-02 data -e.g., by employing an alternative fitting procedure involving a combined fit to both data sets simultaneously. Note also that the fit to FERMI data depends on a number of assumptions concerning the astrophysical background flux, and not merely its normalization; hence small deviations from FERMI Φ e + + Φ e − results are not necessarily to be taken as a sign of tension with data.
We immediately see from Fig. 3 that DDM ensembles give rise to unusual and distinctive positron-fraction curves whose behaviors at high energies differ significantly from those obtained for traditional dark-matter models. Indeed, traditional dark-matter models for explaining the observed positron excess predict a rather pronounced downturn at E e ± m χ (for annihilating dark matter) or E e ± m χ /2 (for decaying dark matter), where m χ denotes the mass of the dark-matter particle. By contrast, as we see in Fig. 3 , DDM ensembles give rise to positron-fraction curves which either decline only gradually or remain effectively flat for E e ± > ∼ 350 GeV. Indeed, we see that Φ e + /(Φ e + +Φ e − ) 0.2 over this entire range. In principle, of course, DDM ensembles can give rise to positron-fraction curves exhibiting a broad variety of shapes and features. However, imposing the requirements that the positron fraction and combined e ± flux agree with current data substantially limits the high-energy behaviors for the resulting positron fraction, permitting only those curves for which this fraction levels off and remains relatively constant as a function of energy.
Since no sharp downturn in the positron fraction appears consistent within the DDM framework, we may take this to be an actual prediction of the framework. The presence or absence of such a downturn therefore offers a powerful tool for distinguishing decaying DDM ensembles from other dark-matter explanations of the positron excess. Even more importantly, however, we observe that a positron fraction which falls only gradually or which remains effectively constant for E e ± > ∼ 350 GeV can be achieved only in a scenario in which an ensemble of dark-matter states with different masses and decay widths act together in coordinated fashion in order to support the positron-fraction function against collapse and to carry it smoothly into this higher energy range. This behavior, if eventually observed experimentally, can therefore be taken as a virtual "smoking gun" of Dynamical Dark Matter.
This claim, of course, rests upon the fundamental assumption that we are attributing the positron excess to dark-matter physics. As we have indicated above, it is always possible that some configuration of pulsars or other astrophysical sources can also provide part or all of the explanation for the observed positron excess. Given this observation, it may initially seem that our conclusions regarding the spectra predicted by the DDM framework may be somewhat moot. However, the success of the DDM framework not only in accommodating the existing positron data but also in predicting the continuation of the positron excess out to 1 TeV can be taken, conversely, as indicating that one need not be forced into a conclusion involving traditional astrophysical sources should such phenomena be observed experimentally. Indeed, as we have shown, there exists a well-motivated dark-matter framework -namely that involving a DDM ensemble obeying well-ordered scaling relations -which can easily do the job.
VI. VARYING THE INPUT ASSUMPTIONS
In the previous section, we showed that the DDM framework can naturally accommodate the positron excess, that this framework actually predicts that the positron excess will continue out to energies of at least approximately E ∼ 1 TeV, and that any future experimental verification of this prediction can actually be taken (within the confines of dark-matter interpretations of the positron excess) as a "smoking gun" for DDM. However, there are a number of input assumptions which have ei-ther explicitly or implicitly played a role in our analysis -some of these concern the structure of the DDM ensemble itself, while others concern the background astrophysical environment whose properties also enter into our calculations. It is therefore critical that we understand the extent to which our results are robust against variations in these input assumptions.
A. Varying the structure of the DDM ensemble As discussed in Sect. II, our DDM ensemble can be parametrized in terms of five fundamental parameters {α, γ, δ, m 0 , ∆m}. (The remaining parameters {Γ 0 , Ω 0 } are then essentially determined through the "normalization" conditions discussed earlier.) In the analysis we have presented thus far, we have allowed α, γ, and m 0 to vary, but we have taken δ = 1 and ∆m = 1 GeV as fixed benchmarks. Since there is nothing in the DDM framework which requires these particular values, it is reasonable to ask what new effects might emerge if these values are altered.
The parameters ∆m and δ play independent but correlated roles: both appear in Eq. (2.1) and together they parametrize the density of states in the DDM ensemble. Increasing δ or ∆m has the effect of increasing the masses of the heavier DDM constituents relative to the lighter ones, thereby potentially diminishing their effects on low-energy physics. Indeed, for sufficiently large ∆m, our DDM ensemble essentially acts as a traditional singleparticle dark sector as far as most low-energy effects are concerned. By contrast, decreasing δ or ∆m has the reverse effect. Indeed, in the ∆m → 0 limit, the states in the DDM ensemble form a continuum, and in practice such "continuum" behavior can be expected whenever ∆m is smaller than the scale set by the energy resolution of the relevant cosmic-ray detectors.
In our analysis thus far, we were motivated to take δ = 1 because this is the value which arises in certain well-motivated realizations of DDM ensembles involving large extra spacetime dimensions [22, 23] . However, our choice of ∆m = 1 GeV was made on purely aesthetic grounds, as a small value of this size ensures that a large portion of the DDM ensemble plays a role in contributing to the relevant cosmic-ray fluxes. It is therefore interesting to understand the extent to which our predictions remain valid even if ∆m exceeds this value.
In Fig. 4 , we show the fluxes which emerge from a variety of DDM ensembles corresponding to different values of ∆m, while the remaining DDM parameters are held fixed at values which ensure a successful fit to AMS-02 data for ∆m = 1 GeV. As we see from this figure, increasing the value of ∆m causes the resulting fluxes to increasingly deviate from the existing AMS-02 data, particularly at the highest energies for which such data is available. This is particularly dramatic for the positronfraction data; indeed, increasing the value of ∆m ultimately reintroduces the characteristic downturn that is normally associated with traditional single-component dark-matter candidates. As we see, it is only by taking ∆m sufficiently small that the predicted positron fraction can match all of the AMS-02 data. This is precisely the "DDM limit" in which a large portion of the DDM ensemble plays an active role in contributing to the cosmic-ray fluxes at these energies.
This observation demonstrates that there is a strong correlation between obtaining a successful fit to the AMS-02 data and having a dark sector such as a DDM ensemble in which a relatively large number of darkmatter states actually contribute to the cosmic-ray fluxes at these energies. But what is particularly remarkable about the results shown in Fig. 4 is the existence of a second, independent correlation: a successful fit to the entirety of available AMS-02 data is also correlated with the absence of a sharp downturn in the positron fraction out to energies E e ± ∼ 1 TeV. Indeed, setting ∆m to any value less than the maximum value that will fit the existing AMS-02 data causes the corresponding positron fraction to exhibit at most a gently declining plateau out to E e ± ∼ 1 TeV. In an arbitrary hypothetical multicomponent theory of dark matter, this second correlation need not have existed, but its emergence in the DDM framework is ultimately a consequence of the tight internal scaling structure of the DDM ensemble. It is this "rigidity" of the DDM ensemble -i.e., its inability to fit the existing AMS-02 data while simultaneously producing an immediate downturn in the positron fraction at higher energies -which is the underlying reason that the DDM framework yields such "smoking gun" predictions about the positron fraction at higher energies. (In this context we remark that although we have taken m 0 = 600 GeV for the curves in Fig. 4 , altering m 0 does not change this conclusion and would in fact cause difficulties satisfying our other constraints on the total gamma-ray flux or the total Φ e + + Φ e − flux.) Thus, this correlation is relatively robust against variations in ∆m, and we expect it to hold for all values ∆m which are sufficiently small as to permit a successful fit to the AMS-02 data.
In this connection, it is perhaps also worth commenting on the role played by the quantity n max which truncates our sums over DDM constituents in Eqs. (2.4), (3.5) , and so forth. At first glance, it might seem that n max is yet another free parameter in the DDM framework. Even worse, if we attempt to interpret n max literally as the number of DDM states which contribute to the cosmicray fluxes, we might be tempted to view any fit requiring a very large value of n max as somehow uninteresting, since it might be expected on general grounds that fits to data can always be performed with arbitrary precision if we have sufficiently many degrees of freedom at our disposal. While these worries would certainly be valid for an arbitrary hypothetical multi-component theory of dark matter, the important point here is that our dark sector is not just a random collection of individual states with arbitrary, freely adjustable masses and decay widths. In- 26 s, and we have taken k = 0.9 in Eq. (3.8). As expected, passing to larger values of ∆m has the effect of decreasing the flux contributions from heavier states in the DDM ensemble; the resulting fluxes thus increasingly fail to match the existing highest-energy AMS-02 data for the positron fraction and at the same time begin to exhibit the characteristic downturn in the positron fraction that is normally associated with traditional single-component dark-matter candidates. Indeed, only by taking ∆m sufficiently small does the predicted positron fraction match all of the AMS-02 data. However, a large portion of the DDM ensemble then plays an active role in contributing to these fluxes, whereupon the internal structure of the ensemble itself compels the positron fraction to remain significantly above background -even out to energies E e ± ∼ 1 TeV -without any sharp downturn.
stead, these states are part of a DDM ensemble which is collectively constrained by scaling relations of the sorts described in Sect. II. Indeed, in the DDM framework, the dark sector is parametrized in terms of relatively few degrees of freedom (such as α, γ, and m 0 , as discussed above), and these quantities are chosen in such a way as to eliminate any theoretical or numerical sensitivity to the cutoff n max . At a practical level, this means that the cosmic-ray flux contributions from all DDM states are completely and simultaneously fixed once these few parameters are specified, and that successively heavier DDM states make increasingly smaller contributions to these fluxes in such a way that all sums are convergent as n max → ∞.
B. Varying the astrophysical modelling
Thus far we have concentrated on input assumptions associated with our DDM ensembles. However, there were also a number of implicit assumptions of a purely astrophysical nature. In particular, in this category, two assumptions stand out:
• We used a particular astrophysical propagation model (the so-called "MED" propagation model) in order to calculate our DDM-produced cosmicray fluxes.
• We assumed a particular dark-matter halo profile (the so-called "NFW" profile) for our DDM ensemble.
As discussed in Sects. II and III, both of these assumptions were implicitly part of the flux calculations leading to the results in Fig. 2 . However, neither of these assumptions is required on theoretical grounds, and in each case there exist alternative models which might have been chosen. For example, rather than adopt the MED propagation model, we could have adopted its siblings, the MIN or MAX propagation models [32, 33] . Together, the MIN, MED, and MAX models reside within an entire class of propagation models which differ in (and are therefore effectively parametrized in terms of) the degree to which the input fluxes are "processed" (or effectively shifted downwards in energy) in passing through the interstellar medium, with the MIN (MAX) propagation model tending to minimize (maximize) the resulting fluxes of charged cosmic-ray particles subject to certain phenomenological constraints. Likewise, rather than adopt the NFW dark-matter halo, we could just as easily adopted any of a number of other halo profiles. For example, one well-motivated choice might be the so-called "isothermal" dark-matter halo [56] -this is nothing but the density distribution exhibited by an isothermal, selfgravitating system of particles, and leads to a velocity dispersion which is essentially constant at large radii. Note that in general, the isothermal dark-matter halo is generally smoother (i.e., less "cuspy") than the NFW halo at small radii and thus forms a nice counterpoint to Fig. 2 , and is reproduced here for comparison purposes. We see that while the MIN propagation model results in a near-total elimination of the allowed DDM parameter space, the MED and MAX propagation models result in allowed parameter spaces which are roughly equivalent, differing only in their qualities of fit to the AMS-02 data. Likewise, we see that our results are almost completely insensitive to the particular form of the dark-matter halo assumed.
the NFW halo profile.
In Fig. 5 , we show the degree to which the results in Fig. 2 would be altered by such replacements. As we see from Fig. 5 , the effect of replacing the MED propagation model with the MIN propagation model is quite dramatic and results in a near-total elimination of the allowed DDM parameter space, while replacement with the MAX propagation model does not dramatically alter the allowed region of DDM parameter space and merely changes the calculated quality of fit to AMS-02 data within this region. These results are relatively easy to understand. Broadly speaking, the effect of propagation on the injected fluxes through the interstellar medium is to increase the contribution to Φ e ± (E e ± ) at low E e ± from injected e ± with an injection energy E ′ e ± > E e ± . Moreover, this effect becomes increasingly pronounced at higher E ′ e ± . The collective contribution to Φ e ± from the heavier constituents in the DDM ensemble is therefore greater at low E e ± for propagation models such the MAX model, in which the processing of the e ± injection spectra by the interstellar medium is more pronounced. As we have seen, this contribution is ultimately responsible for the all-important softening of the Φ e ± flux spectra which renders these spectra compatible with the AMS-02 data. Therefore, the increased processing of the injection spectrum by the interstellar medium in the MAX model relative to the MED model can compensate to some degree for the hardening of the injection spectrum which results from an increase in m 0 , as shown in Fig. 4 . By contrast, use of the MIN propagation model has the effect of minimizing the contributions to the low-energy e ± fluxes from the heavier DDM ensemble components. The resulting near-total elimination of the allowed DDM parameter space therefore can be taken as yet another feature highlighting the critical role of the entire DDM ensemble (and not just its lightest component) in producing a successful fit to AMS-02 data.
The other lesson that can be drawn from Fig. 5 is that our results are not particularly sensitive to the choice of halo profile. This indicates that our results are indeed FIG. 6: The combined flux Φ e + + Φ e − (left panels) and positron fraction Φe+/(Φ e + + Φ e − ) (right panels) corresponding to the DDM parameter choices illustrated in Fig. 5 for the MIN propagation model (top row) and the MAX propagation model (bottom row). Even though the MAX propagation model allows considerably greater flexibility in terms of the behavior of the positron fraction than the MIN or MED propagation models, even this case does not permit a sudden, sharp downturn in the positron fraction. Indeed, the steepest allowed decline continues to be relatively slow, reaching the expected background flux only at energies beyond E e ± ∼ 1 TeV.
properties of the DDM framework rather than properties of the specific halo profile chosen. The primary reason for this halo-insensitivity is that the dominant contribution to Φ e + and Φ e − in the DDM framework is the result of dark-matter decay rather than dark-matter annihilation. The contribution to Φ e + or Φ e − from a decaying dark-matter particle φ is proportional to its density ρ φ , whereas for an annihilating particle it is proportional to ρ 2 φ . These fluxes are consequently far less sensitive to the shape of the dark-matter halo in the former case than in the latter. Likewise, the dominant constraints on decaying dark-matter models of the positron excess come from considerations which depend either very weakly (or not at all) on the shape of the galactic dark-matter halo, such as the diffuse extragalactic gamma-ray flux and the properties of the CMB radiation.
In Fig. 6 , we show the fluxes which result from the use of the MIN and MAX propagation models within the corresponding allowed parameter spaces shown in Fig. 5 . As we saw in Fig. 5 , use of the MIN propagation model results in only a small surviving sliver of DDM parameter space; this in turn leads to a fairly sharp set of flux predictions in Fig. 6 . By contrast, use of the MAX propagation model leads to a set of possible fluxes in Fig. 6 which are even somewhat broader in their allowed behaviors than those which appear in Fig. 3 for the MED propagation model. Despite these differences, however, we once again see that the primary prediction of the DDM framework -that the positron fraction will continue to exhibit a surplus out to the higher energies E e + ∼ 1 TeV without exhibiting a sharp downturn -continues to hold in all cases. Indeed, even the steepest allowed decline exhibited in the MAX case continues to be a relatively slow one in which the positron flux reaches its expected background value only at energies well beyond E e ± ∼ 1 TeV.
We see, then, that the primary results we have presented in this paper -that decaying DDM ensembles can successfully reproduce both AMS-02 and FERMI data and yield concrete predictions for the positron fraction at high energies -in most cases do not depend significantly on our choice of astrophysical approximations or computational tools. Indeed, as discussed in Sect. V, it is the relative softness of the Φ e ± spectra from an entire decaying DDM ensemble which underlies these phenomenological successes, and this is an inherent property of the DDM framework which transcends the particular calculational procedures and astrophysical parameters chosen. Even in the most dramatic case in which we replace the MED propagation model with the rather extreme MIN propagation model, the very small remaining region of DDM parameter space continues to exhibit the "smoking gun" feature in which the positron fraction remains above background out to higher energies beyond those currently probed. Thus, while the specific quantitative results obtained using alternative approximations or computational tools may differ somewhat, this relative softness -which we have demonstrated contributes significantly to easing phenomenological tensions -is a real and direct consequence of the underlying particle physics of DDM ensembles.
Finally, before concluding, we emphasize that the criterion in Eq. (2.3) does not represent a constraint which our DDM framework must satisfy, but rather merely defines a phenomenologically interesting regime of parameter space within that framework. Indeed, regions of parameter space in which this criterion is not satisfied can also in principle yield models which reproduce AMS-02 positron-fraction data and at the same time satisfy other constraints on dark-matter decays. In general, such models lead to a more mundane set of predictions for the positron fraction at high energies, including the possibility of a relatively sharp downturn similar to that expected in traditional dark-matter models of the positron excess. Thus, while the observation of a slowly falling or relatively level positron excess in future AMS-02 data would strongly favor a decaying DDM ensemble over other possible dark-matter interpretations, the non-observation of such a signal would not, in and of itself, rule out a DDM ensemble as an explanation of that excess.
VII. CONCLUSIONS
In this paper, we have examined the implications of cosmic-ray data -and in particular, the recent AMS-02 measurement of the positron fraction -for models constructed within the Dynamical Dark Matter (DDM) framework. Because the DDM framework generally includes dark-matter particles with lifetimes near the current age of the universe, present-day cosmic-ray data can be expected to have particular relevance for DDM. Our primary results can be summarized as follows:
• First, we have shown that DDM ensembles provide a viable dark-matter explanation of the existing positron excess. This is true even when the relevant astrophysical and cosmological constraints are taken into account. Indeed, as we have seen, the partitioning of the dark-matter abundance Ω CDM across an entire ensemble of dark-sector fields obeying certain scaling relations provides a natural and well-motivated method of softening the e ± injection spectrum and reproducing the existing data. Moreover, for a DDM ensemble whose constituents decay primarily to µ + µ − , we have found that this softening alone is sufficient to obtain consistency with the positron fraction observed by AMS-02 and the combined e ± flux observed by FERMI.
• Second, we have shown that those DDM scenarios which successfully reproduce the observed positron excess generically predict that the positron fraction either levels off or falls gradually at higher energies beyond those currently probed. By contrast, conventional dark-matter scenarios for explaining the positron excess generically predict a very different behavior: an abrupt downturn in the positron fraction at higher energies. Thus, if we attribute the positron excess to dark-matter physics, we may interpret a relatively flat positron excess curve as a "smoking gun" of the DDM framework.
• Finally, we note that in order to reproduce the positron-fraction curve observed by PAMELA and AMS-02, a traditional dark-matter candidate typically must be quite heavy, with a mass m χ 1 TeV. By contrast, we have shown that those DDM ensembles which accurately reproduce the observed positron-fraction curve generically tend to include large numbers of lighter constituent particles φ n , with masses in the range 300 GeV m n 700 GeV. The presence of such lighter particles playing an active role in the dark sector opens up a broader variety of possibilities for detection using other, complementary probes of the dark sector -including colliders, direct-detection experiments, etc.
Moreover, as we have shown in Sect. VI, these results are largely independent of a variety of input assumptions associated with the nature of our DDM ensemble or the modelling of the external astrophysical environment.
Despite these results, it is important to stress that our analysis in this paper has been fundamentally predicated on an underlying dark-matter interpretation of the positron excess. However, there do exist alternative explanations of these cosmic-ray anomalies. Indeed, as has been shown in Refs. [17, 57] , a contribution to Φ e + and Φ e − from a population of nearby pulsars may provide an alternative explanation for the positron excess reported by PAMELA, FERMI, and other cosmic-ray experiments. This explanation is a compelling one because it offers an origin for this excess in terms of standard astrophysical processes rather than new physics. Moreover, the pulsar explanation is also of particular interest in relation to the cosmic-ray phenomenology of DDM ensembles. Indeed, much like the net contribution from a DDM ensemble, the net contribution to Φ e + and Φ e − from a population of nearby pulsars represents the sum over a large number of individual contributions. It is therefore reasonable to expect that many of the same characteristic features which arise in the Φ e + and Φ e − spectra associated with DDM ensembles should also appear within the range of possible spectra associated with specific pulsar populations. Indeed, the shape of the overall positronfraction curve associated with a collection of pulsars may be difficult to distinguish from that associated with a DDM ensemble.
However, in general one can measure more than the mere shape of such a differential flux; one can also study the directionality associated with its individual angular contributions. Directionality is especially important in this situation because it provides a critical method of distinguishing the case of a DDM ensemble from that of a population of pulsars. In the pulsar case, an anisotropy is expected in the signal contributions as a function of energy due to the differing positions of the individual contributing pulsars. In fact, if a single nearby pulsar (or a small number thereof) is essentially responsible for the observed positron excess, this anisotropy should be observable over a wide range of energies E e ± at the Cherenkov Telescope Array (CTA) [58] . By contrast, it is reasonable to imagine that the constituent particles within a DDM ensemble are distributed in roughly the same manner throughout the galactic halo, and thus no significant flux anisotropy is to be expected (other than a slight overall flux enhancement in the direction of the galactic center, an enhancement which is unlikely to be detected at future experiments).
Provided that the contributions of individual pulsars can be resolved, we conclude that forthcoming data on the anisotropy of the observed positron flux may play an important role in differentiating between a collection of local pulsars and a DDM ensemble as explanations for the observed positron excess. However, we note that the propagation of cosmic rays in the local environment is very complicated, and it may ultimately be very difficult to draw any firm conclusions in the case that no anistropy is ultimately detected. These issues are discussed more fully in Ref. [59] . Likewise, we also note that there also exist even more prosaic models that can potentially explain the positron excess. These include, for example, models [60] in which the excess positrons are generated as secondary products of hadronic interactions inside natural cosmic-ray sources such as supernova remnants, and are thus naturally accelerated in a way that endows them with a relatively flat spectrum. Measurements of the secondary nuclei produced by cosmic-ray spallation could potentially be used in order to discriminate between these possibilities [61] .
